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Abstract
In this short paper, we investigate blow-up rate of solutions of reaction–diffusion equations with
localized reactions. We prove that the solutions have a global blow-up and the rate of blow-up is
uniform in all compact subsets of the domain.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
In this short paper we consider the following parabolic equation with localized reaction:
ut − Δu = k1up(x, t) + k2uq(0, t), x ∈ Ω, t > 0,
u(x, t) = 0, x ∈ ∂Ω, t > 0,
u(x,0) = u0(x), x ∈ Ω, (1.1)
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with the radius R and u0(x) satisfies
(A) u0(x) = u0(r) 0 (r = |x|), u0(R) = 0, u′0(r) < 0 (r ∈ (0,R]).
It is easy to verify that under condition (A), the unique solution u(x, t) of (1.1) is radially
symmetric, nonnegative and nonincreasing as to r . The main aim of present paper is to
obtain uniform blow-up estimates.
Many of localized problems arise in applications and have been widely studied. Equa-
tion (1.1) describes some physical phenomena, such as chemical reactions due to the
catalysis and an ignition model for a reaction gas (see [1,2,4] and references therein). As
for our problem (1.1), when k1 = k2 = 1, blow-up properties have been investigated by
Okada and Fukuda [3]. For more references of localized problems, please see [5–7].
In [3], the authors studied the blow-up properties of (1.1); among others, they proved
that if k1 = k2 = 1, p  q , q > 1 and u0(x) is sufficiently large, every radial symmetric
solution (maximal solution) has a global blow-up and the solution u(x, t) satisfies
C1(T
∗ − t)−1/(q−1)  u(x, t) C2(T ∗ − t)−1/(q−1), (1.2)
on any compact subset K ⊂ Ω as t is near the blow-up time T ∗, where C1 depends on
q,K , and T ∗, and C2 on q and T ∗.
According to Souplet [5,6], for nonlocal and localized problems, generally, global blow-
up solutions have uniform blow-up estimates on all compact subsets of the domain. In this
paper, we verify that for Eq. (1.1), it is indeed the case.
The following three theorems are our main results.
Theorem 1.1. Let u(x, t) be the blow-up solution of (1.1). If q > max{p,1}, it holds
lim
t→T ∗
(T ∗ − t)1/(q−1)u(x, t) = (k2(q − 1))1/(1−q),
uniformly in all compact subsets of Ω .
Theorem 1.2. Let u(x, t) be the blow-up solution of (1.1). If p = q > 1, 2n < p  2n+1
and k2  (2n+1 − 1)k1 (n = 0,1,2, . . .), it holds
lim
t→T ∗(T
∗ − t)1/(q−1)u(x, t) = ((q − 1)(k1 + k2))1/(1−q),
uniformly in all compact subsets of Ω .
Thus, it follows from Theorem 1.2 that
Corollary 1.3. Let u(x, t) be the blow-up solution of (1.1). If k1 = k2 = 1, 1 < p = q  2,
it holds
lim
t→T ∗(T
∗ − t)1/(q−1)u(x, t) = (2(q − 1))1/(1−q),
uniformly in all compact subsets of Ω .
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for the localized problem (1.1) in case of k1 = k2 = 1.
Souplet [5,6] developed a general method to obtain a uniform blow-up rate of global
blow-up solutions of nonlocal and localized problems, but for the problem (1.1), his
method seems not able to be applied. In this short note, we use another method to obtain
a uniform blow-up rate.
Let λ and ϕ be the first eigenvalue and the corresponding normalized eigenfunction of
−Δ with the homogeneous Dirichlet boundary condition
−Δϕ(x) = λϕ, x ∈ Ω,
ϕ(x) = 0, x ∈ ∂Ω,∫
Ω
ϕ(x)dx = 1,
which will be used in the following sections.
This paper is organized as follows: In the following two sections, we prove Theo-
rems 1.1, 1.2, respectively.
2. The proof of Theorem 1.1
Set g(t) = uq(0, t), G(t) = ∫ t0 g(s) ds. Similar to [3], we have
lim
t→T ∗
g(t) = +∞ and lim
t→T ∗
G(t) = +∞. (2.1)
Proof of Theorem 1.1. Since u(0, t) = maxx∈Ω¯ u(x, t), it holds
du(0, t)
dt
 k1up(0, t) + k2g(t), 0 < t < T ∗.
Integrating this inequality over (0, t), we have
u(0, t) − u0(0) k1
t∫
0
up(0, s) ds + k2G(t), 0 < t < T ∗,
which implies
lim
t→T ∗
sup
u(0, t)
k1
∫ t
0 u
p(0, s) ds + k2G(t)
 1. (2.2)
Since p < q , it follows from (2.1) that
lim
t→T ∗
∫ t
0 u
p(0, s) ds
G(t)
= lim
t→T ∗
∫ t
0 u
p(0, s) ds∫ t
0 u
q(0, s) ds
= 0. (2.3)
So we have
lim→ ∗ sup
u(0, t)  1. (2.4)t T k2G(t)
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we have, for 0 < t < T ∗,
∫
Ω
uϕ dx −
∫
Ω
u0ϕ dx = −λ
t∫
0
∫
Ω
uϕ dx ds + k1
t∫
0
∫
Ω
upϕ dx ds + k2G(t).
Since
∫ t
0
∫
Ω
uϕ dx ds 
∫ t
0 u(0, s) ds, it follows from (2.3) that
lim
t→T ∗
∫ t
0
∫
Ω
upϕ dx ds
G(t)
= 0 and lim
t→T ∗
∫ t
0
∫
Ω
uϕ dx ds
G(t)
= 0.
Thus,
lim
t→T ∗
∫
Ω
uϕ dx
k2G(t)
= 1. (2.5)
So we have
lim
t→T ∗ inf
u(0, t)
k2G(t)
 lim
t→T ∗
∫
Ω
uϕ dx
k2G(t)
= 1. (2.6)
It follows from (2.4) and (2.6), we have
lim
t→T ∗
u(0, t)
k2G(t)
= 1, (2.7)
which implies
lim
t→T ∗
(T ∗ − t)1/(q−1)u(0, t) = (k2(q − 1))1/(1−q).
Since
∫
Ω
ϕ dx = 1, it follows from (2.5) and (2.7) that
lim
t→T ∗
u(x, t)
u(0, t)
= 1, a.e. x ∈ Ω.
It follows from ur  0 that
lim
t→T ∗
u(x, t)
u(0, t)
= 1, ∀x ∈ Ω.
The proof is completed. 
3. The proof of Theorem 1.2
We prove Theorem 1.2 in three cases 1 < p  2, 2 < p  4 and p > 4.
(i) 1 < p  2. Clearly,
lim
t→T ∗ supu(0, t) = ∞.
Since u(0, t) = maxx∈Ω¯ u(x, t), it holds
du(0, t)  (k1 + k2)up(0, t), 0 < t < T ∗, (3.1)
dt
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t→T ∗ sup
u(2−p)/2(0, t)∫ t
0 u
p/2(0, s) ds
 (2 − p)(k1 + k2)
2
(if 1 < p < 2) (3.2)
and
lim
t→T ∗ sup
lnu(0, t)∫ t
0 u(0, s) ds
 (k1 + k2) (if p = 2). (3.3)
Thus,
lim
t→T ∗
t∫
0
up/2(0, s) ds = ∞ (if 1 < p  2). (3.4)
From (1.1), we have
ut = Δu + k1up(x, t) + k1up(0, t) + (k2 − k1)up(0, t)
Δu + 2k1up/2(x, t)up/2(0, t) + (k2 − k1)up/2(x, t)up/2(0, t)
= Δu + (k1 + k2)up/2(x, t)up/2(0, t), x ∈ Ω, 0 < t < T ∗.
A simple calculation yields
1
1 − r Δu
1−r = −ru−(1+r)|∇u|2 + u−rΔu (if 0 < r < 1),
which implies
du(2−p)/2
dt
Δu(2−p)/2 + (2 − p)(k1 + k2)
2
up/2(0, t)
x ∈ Ω, 0 < t < T ∗ (if 1 < p < 2). (3.5)
On the other hand,
ut Δu + (k1 + k2)u(x, t)u(0, t), x ∈ Ω, 0 < t < T ∗ (if p = 2). (3.6)
Multiplying both sides of the inequality (3.5) by ϕ and integrating over Ω × (0, t), we
have, for 0 < t < T ∗,∫
Ω
u(2−p)/2ϕ dx −
∫
Ω
u
(2−p)/2
0 ϕ dx
−λ
t∫
0
∫
Ω
u(2−p)/2ϕ dx ds + (2 − p)(k1 + k2)
2
t∫
0
up/2(0, s) ds
(if 1 < p < 2). (3.7)
Multiplying both sides of the inequality (3.6) by ϕ and integrating over Ω , we have, for
0 < t < T ∗,
d
∫
Ω
uϕ dx
dt
−λ
∫
uϕ dx + (k1 + k2)
∫
uϕ dxu(0, t) (if p = 2). (3.8)Ω Ω
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0
∫
Ω
u(2−p)/2ϕ dx ds 
∫ t
0 u
(2−p)/2(0, s) ds, it follows from (3.4) that
0 lim
t→T ∗ sup
∫ t
0
∫
Ω
u(2−p)/2ϕ dx ds∫ t
0 u
p/2(0, s) ds
 lim
t→T ∗
∫ t
0 u
(2−p)/2(0, s) ds∫ t
0 u
p/2(0, s) ds
= 0 (if 1 < p < 2),
that is,
lim
t→T ∗
∫ t
0
∫
Ω
u(2−p)/2ϕ dx ds∫ t
0 u
p/2(0, s) ds
= 0 (if 1 < p < 2),
which implies
lim
t→T ∗ inf
∫
Ω
u(2−p)/2ϕ dx∫ t
0 u
p/2(0, s) ds
 (2 − p)(k1 + k2)
2
(if 1 < p < 2). (3.9)
By (3.8), we obtain
lim
t→T ∗ inf
lny∫ t
0 u(0, s) ds
 (k1 + k2) (if p = 2), (3.10)
where y = ∫
Ω
uϕ dx. So, by (3.9) and (3.10), it holds
lim
t→T ∗ inf
u(2−p)/2(0, t)∫ t
0 u
p/2(0, s) ds
 (2 − p)(k1 + k2)
2
(if 1 < p < 2)
and
lim
t→T ∗ inf
lnu(0, t)∫ t
0 u(0, s) ds
 (k1 + k2) (if p = 2).
From (3.2) and (3.3), we get
lim
t→T ∗
u(2−p)/2(0, t)∫ t
0 u
p/2(0, s) ds
= (2 − p)(k1 + k2)
2
(if 1 < p < 2),
lim
t→T ∗
lnu(0, t)∫ t
0 u(0, s) ds
= k1 + k2 (if p = 2), (3.11)
which implies
lim
t→T ∗(T
∗ − t)1/(p−1)u(x, t) = ((p − 1)(k1 + k2))1/(1−p), ∀x ∈ Ω.
Since
∫
Ω
ϕ(x)dx = 1 and u(x, t) u(0, t), it follows that
lim
t→T ∗ sup
∫
Ω
u(2−p)/2ϕ dx∫ t
0 u
p/2(0, s) ds
 lim
t→T ∗
u(2−p)/2(0, t)∫ t
0 u
p/2(0, s) ds
= (2 − p)(k1 + k2)
2
(if 1 < p < 2),
lim
t→T ∗ sup
lny∫ t
u(0, s) ds
 lim
t→T ∗
lnu(0, t)∫ t
u(0, s) ds
= k1 + k2 (if p = 2).
0 0
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lim
t→T ∗
∫
Ω
u(2−p)/2ϕ dx∫ t
0 u
p/2(0, s) ds
= (2 − p)(k1 + k2)
2
(if 1 < p < 2),
lim
t→T ∗
lny∫ t
0 u(0, s) ds
= k1 + k2 (if p = 2). (3.12)
Proceeding as in Theorem 1.1, it follows from (3.11) and (3.12) that
lim
t→T ∗
u(x, t)
u(0, t)
= 1, ∀x ∈ Ω (if 1 < p  2),
which gives the desired blow-up profiles.
(ii) 2 < p  4. From (3.1), we have
lim
t→T ∗ sup
u(4−p)/4(0, t)∫ t
0 u
3p/4(0, s) ds
 (4 − p)(k1 + k2)
4
(if 2 < p < 4)
and
lim
t→T ∗ sup
lnu(0, t)∫ t
0 u
3(0, s) ds
 (k1 + k2) (if p = 4),
thus,
lim
t→T ∗
t∫
0
u3p/4(0, s) ds = ∞ (if 2 < p  4).
By (1.1), we obtain
ut Δu + 2k1up/2(x, t)up/2(0, t) + (k2 − k1)up(0, t)
= Δu + 2k1up/2(x, t)up/2(0, t) + 2k1up(0, t) + (k2 − 3k1)up(0, t)
Δu + 4k1up/4(x, t)u3p/4(0, t) + (k2 − 3k1)up/4(x, t)u3p/4(0, t)
= Δu + (k1 + k2)up/4(x, t)u3p/4(0, t), x ∈ Ω, 0 < t < T ∗,
which implies
du(4−p)/4
dt
Δu(4−p)/4 + (4 − p)(k1 + k2)
4
u3p/4(0, t)
x ∈ Ω, 0 < t < T ∗ (if 2 < p < 4),
and
du
dt
Δu + (k1 + k2)u(x, t)u3(0, t), x ∈ Ω, 0 < t < T ∗ (if p = 4).
Proceeding as before, it follows that
lim
t→T ∗
u(4−p)/4(x, t)∫ t
u3p/4(0, s) ds
= (4 − p)(k1 + k2)
4
, ∀x ∈ Ω (if 2 < p < 4),
0
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lim
t→T ∗
lnu(x, t)∫ t
0 u
3(0, s) ds
= k1 + k2, ∀x ∈ Ω (if p = 4),
which gives the desired blow-up profiles.
(iii) p > 4. The proof of this case is similar to the case 2 < p  4.
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